It is demonstrated that the system of coordinates {M, t} defined by Ruban and Chernin is unique, where two undetermined functions of the Tolman-Bondi (TB) model, f (M) and F (M), are dependent. Two initial conditions of the model are calculated through an initial profiles of density and energy, both are given as function of coordinate M. It is shown that in a general case of an arbitrary co-moving system of coordinates {r, t} two undetermined functions f (r) and F (r) define the transformation rule r → M, which is given by the definition of invariant mass. It is shown that the Bonnor's flat solution of the TB model is reduced to an explicit dependence on the co-moving coordinate M in the Ruban-Chernin system of coordinates; non-flat solutions are dependent on M through initial conditions. The number of initial conditions and transformation rules are studied. PACS number(s): 95.30.Sf, 98.65.-r, 98.80.-k key words: cosmology:theory -gravitation -relativity
The Introduction
The observations [1] , [2] show that in the large scale the Universe is not homogeneous. At the same time it is also supposed that the secreted centre is missing. These two properties separately are presented in the Friedmann-Robertson-Walker (FRW) and Tolman-Bondi (TB) models: the FRW model is homogeneous and does not include the secreted centre; the TB is nonhomogeneous and includes one.
As the simplest nonhomogeneous model the TB model is used for interpretation of the observation data. The TB model is used to calculate the redshift [3] , [4] , [5] , [6] to describe the local void [7] , [8] , [9] to interpret the fractal structure of the matter distribution in the Universe [5] , [6] , [10] . A place of the TB model among the models consistent with the modern observation data is shown in [11] .
The TB model [3] , [12] describes the spherical symmetry dust motion with zero pressure in a co-moving system of coordinates. The solution of the Tolman's equations obtained by Bonnor [13] , [14] contains two undetermined functions f (r) and F (r) of the co-moving coordinate r which are defined by an initial conditions of the model. But the co-moving coordinate is defined up to a continuous transformation r ′ = Φ(r), so the functions f (r) and F (r) are defined nonuniquely. This makes difficulty in an interpretation of the observation data. The article is based on the univalent definition of the co-moving coordinate given by Ruban and Chernin [15] , where a number of independent undetermined functions is decreased by one unit. All other examples of the co-moving coordinates may be obtained by the continuous transformation Φ.
The article is dedicated to the formulation of the TB model in the Ruban-Chernin coordinates and to representation of the transformation rule Φ(r) : r → M through the functions f (r) and F (r). It is shown that the Bonnor's flat solution of the TB model is reduced to an explicit dependence on the co-moving coordinate M in the Ruban-Chernin system of coordinates.
The TB Model
The TB model is represented by an interval, an equation of motion for the metrical function ω(r, t) with initial conditions for it and an equation for density [12] .
In the spherical symmetry and co-moving system of coordinates the interval of the TB model has the form
where c is the velocity fo light, t is time, ω(r, t) is the metrical function, f (r) is the undetermined function,˙= ∂ c∂t . The metric (1) is defined up to a continuous transformation Φ of the co-moving coordinate r [16] .
The system of Einstein's equation is reduced to the equation of motion and the equation of density. The equation of motion is:
with initial conditions
where Λ is a cosmological constant and ω 0 (r) andω 0 (r) are given functions. Using the Bonnor [13] notation
where R(r, t) is an analog of the Euler coordinate of the particle with co-moving coordinate r, we rewrite the initial conditions in the form
First integral of the equation (2) is:
where F (r) is the second undetermined function. The function F (r) is defined from (5), (6) and (7). If Λ = 0 then the equation (7) may be interpreted as an analog of the energy conservation law [3] .
The integral of the equation (7) has the form
where F(r) is the third undetermined function, the sign ′ + ′ corresponds to an expanding solution and the sign ′ − ′ corresponds to the falling one. The definition of density is given in the TB model by the formula
3 The Definition of the Functions f , F and F in the Ruban-Chernin Coordinates
First interpretation of the functions f (r) and F (r) has been presented in [3] . Following Bondi let us compare the equation (7) and the equation of the total energy in the Newtonian theory:
where m is the mass of the sphere where the particle is located, E(m) is the full specific energy. In case of Λ = 0, the equations have the unique structure concerning R, so
may be interpreted as an analog of a full specific energy and
may be interpreted as an analog of a specific potential energy, m(r) is an effective mass which will be defined. In accordance with (9) the invariant density has the form
and do not depend on time. The invariant mass is
Ruban and Chernin [15] have proposed to use the co-moving system of coordinates defined by the transformation r →r = M (r) (15) and shown that the use of M as a new independent coordinate allows to decrease a number of undetermined functions by one unit and to give the simple interpretation for M and R(M, t) [15] , [17] : in the Newtonian limit M becomes the mass and R(M, t) becomes the radial (Euler) coordinate of the particle. From (14) it follows that
This means that in the Ruban-Chernin coordinates it is not possible to choose the functions F (M ) and f (M ) independently.
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Now let us study the case of two system of coordinates: a system of an arbitrary coordinates {r, t} and the Ruban-Chernin system of coordinates {M, t}. Suppose the functions f (r) and F (r) are specified. The transformation rule from {r, t} to {M, t} is given by the formula (14) , where M (r) is the continuous transformation up to which the co-moving coordinate is defined. So, we have three functions f (r), F (r) and M (r), any two of which define the third function.
From (13) and (16) it follows that the Ruban-Chernin system of coordinates is singled out by the fact that the invariant density is constant:
From (12) it follows that the effective mass m(M ) is:
The initial condition E 0 (M ) defines the function f (M ) by the formula (11), so the formula (16) becomes the definition of the function F (M ). We can now rewrite the equation (7) in the form 1 2
∂R(M, t) ∂t
where
Tolman [12] also uses the third undetermined function F to solve the equation (7). The function F(M ) in the Ruban-Chernin coordinates has the form
The Initial Conditions for the TB Model in the Ruban-Chernin Coordinates
The equation of motion (2) for metrical function ω(M, t) requires two initial conditions: ω(M, 0) andω(M, 0). These functions are obtained in this section.
Let us suppose that an initial profile of the density is given as the function of the co-moving coordinate M . From (14) it follows that
Substituting (4) into (21) we obtain the first initial condition
The second initial condition is obtained by the substitution (4), (5) and (6) into (19):
For the initial profile of the velocity we obtain:
The equations (21) - (24) 
The Initial Conditions for the FRW Model in the Ruban-Chernin Coordinates
The FRW model is the special case of the TB model which is specified by the condition
So, only the first initial condition is changed and reads:
The Bonnor's Solution in the Ruban-Chernin Coordinates
The solution of the equation of the TB model with Λ = 0 has been obtained by Bonnor [13] and [14] . In this section we rewrite it in the Ruban-Chernin system of coordinates. From the equation (19) it follows that
This equation is studied together with the initial conditions (21). The flat Bonnor's solution is obtained by the substitution of E 0 (M ) = 0 and brings to the equation
which has the solution
satisfying the initial condition (21). Now we will rewrite the Bonnor's solution for E 0 (M ) = 0 in the Ruban-Chernin system of coordinates. We will also use Ruban-Chernin notations. We obtain for E 0 (M ) < 0:
In the Ruban-Chernin system of coordinates the function F(M) has the form:
In case of E 0 (M ) > 0 we obtain
where r → M (r) Bonnor, 1972 r → α R 0 (r) Bonnor, 1972 r → α 1 + k r
Bonnor, 1974 r → α F (r)
The Examples of Functions f (r), F (r), Φ(r) and Initial Conditions
The LTB model includes the following set of the functions of an arbitrary co-moving coordinate r:
f (r), F (r), R 0 (r) and the transformation Φ : r → r ′ .
The function R 0 (M ) plays a role of the function F(r) in Tolman's notation [12] . Two functions f (r) and F (r) are defined by the initial conditions of the model. Φ is the transformation up to which the co-moving system of coordinate is defined. First we used the transformation Φ to define the Ruban-Chernin system of coordinates: r Φ → r = M (r). In the system of coordinates {M, t} the definition of the invariant mass is reduced to the correlation between f (M ) and F (M ), so the number of independent functions is decreased by one unit. These independent functions are:
A position of an arbitrary system of coordinates {r, t} with respect to the system {M, t} is defined by the functions f (r) and F (r). The definition of the invariant mass becomes the transformation rule r Φ → M . Up to this moment we have used one transformation Φ, which has been produced by the definition of the invariant mass. In the Table 1 we show several examples of co-moving coordinates given by Bonnor. Table 2 shows the transformation rules from some system of coordinates {r, t} defined by two functions f (r) and F (r), to the Ruban-Chernin system of coordinates {M, t} produced by the functions f (r) and F (r). 9 Acknowledgements
